Based on the phase operator introduced by Turski we present a formalism for phase that passes Barnett-Pegg's acid test giving the correct phase variance for a number state. We show that this formalism is in fact the radially integrated Q-function formalism that is used to obtain phase properties. It is also shown that depending on the commutation relation used for phase and number, the phase fluctuations for a coherent state obtained from the integrated Q-function tend to the 1/2ρ 2 limit while for the Pegg-Barnett formalism they tend to 1/(4ρ 2 + 3/π 2 ) just like the fluctuations from the integrated Wigner function, where ρ is the amplitude of the coherent state.
Introduction
The search for a Hermitian phase operator started with the beginning of quantum electrodynamics. The problem of phase was first addressed by Dirac [1] early in the history of quantum mechanics. However, Dirac's solution was found to suffer from mathematical difficulties [2] . Since then several formalisms have been introduced [3] [4] [5] that, however, have not been completely satisfactory because of the way they are constructed [6] . One of the most successful formalisms is that of Pegg and Barnett [4] that is built in a finitedimensional Hilbert space and where all the calculations on physical quantities must be done in such a space; only after the calculations have been realized is the infinite-dimensional limit taken.
Other approaches based on the radial integration of quasiprobability distribution functions have been proposed to describe phase properties (see for instance [8] ). However, (radially) integrated distributions such as the Wigner function have been shown not to work well because of its negativity [9] . An excellent review of the phase problem is the one by Lynch [6] .
Other mechanisms to describe phase have been proposed that directly write the Wigner function not in terms of position and momentum but of number and phase [10] .
Here we will revise the operator introduced by Turski [11] and show that it can lead to a phase formalism based on the integrated Q-function. In the next section we obtain the Turski operator from a correspondence principle approach. In section 3 we give a formalism based on it and in section 4 we compare this formalism to the Pegg-Barnett formalism and to the integrated Wigner function. Finally section 5 is left for discussions.
Turski's operator
Classically we may decompose a complex c-number, A, in amplitude and phase by simply writing A = r e iφ , with r = |A| and
where it is implied that we have chosen the principal branch of the multi-valued logarithm function. A Hermitian operator in correspondence to the classical form (1) was proposed by Arroyo Carrasco and MoyaCessa [12] 
whereâ andâ † are the annihilation and creation operator for the harmonic oscillator, respectively,D(χ) = e χ(â † −â) is the displacement operator with χ a real parameter that tends to infinity to ensure convergence of the series [12] 
Note that the displacement operators in equation (2) produce a displacement ofâ by an amount minus χ producing exactly the form (1). However, we keep the displacement operator explicitly in order to have a Taylor series for the logarithm.
The operator (2) may be found to be Turski's operator [11] ; if we use the unity operator given in terms of coherent states, 1 = 1 π |α α| d 2 α, and insert it into (2) it yieldŝ 
Again, choosing the principal branch in the above equation, we can rewrite (5) aŝ
where θ = arg(α). Of course, as any operator that lives in the whole Hilbert space,φ obeys the equation of motion
where ω is the frequency of the harmonic oscillator. Note that for a phase operator defined in a finite dimensional Hilbert space to obey such equation of motion, the harmonic oscillator Hamiltonian should be defined also in a finite dimensional Hilbert space [13] . We can calculate the average value of the argument of the operator (6), given a wavefunction |ψ , as
where
is the Q-function.
A formalism for phase
A formalism for phase could be introduced based on (6) as follows:
and
Note that the above equation is not consistent with the rigorous definition (6) of the optical phase, yet is adopted as a convention for the rest of this paper:
such that we can calculate the phase variance, φ ≡ arg 2 (â) − arg(â) 2 for a number state |n , yielding the result
and where we have used
i.e. giving the correct phase variance expected for a state of undefined phase. Therefore, the operator given by Turski would lead to a phase formalism given by the (radially) integrated Q-function. 
Coherent states
We can now calculate from (10) the phase properties for a coherent state
for which we obtain
we obtain the same result if we use (2):
so that
where (x) is the well-known gamma function.
Note that the formalism that takes us to the integrated Qfunction comes from the operator introduced by Turski [11] . He showed that [n,φ] = i , withn =â †â , leading to a Heisenberg uncertainty relation
This may be corroborated in figure 1 where we plot φ coh as a function of ρ, together with the expression 1/2ρ 2 .
Radially integrated Wigner function
In the former section, equations (6) and (8) were used to introduce the calculation of phase properties in terms of the Q-function; however, one can also introduce them in terms of other quasiprobability distributions, namely, the Wigner function [6] and
Calculating phase fluctuations for the coherent state (16) using the above expressions leads to
where we have used
In figure 2 we plot φ W together with the expression for the phase variance for coherent states using the Pegg-Barnett formalism, that can be written as [7] φ
Note that the Heisenberg uncertainty relation in the PeggBarnett case leads to the inequality (for a coherent state) [14] 
This expression is also plotted in figure 2. It is seen that both expressions for the phase fluctuations, the one obtained from the Wigner function integration and the Pegg-Barnett formalism, tend to the above limit.
Conclusions
We have presented a formalism for phase that passes BarnettPegg's acid test giving the correct phase variance for a number state, based on the operator introduced by Turski. We have shown that depending on the commutation relations between the phase and the number operator, different limits are obtained for a formalism based on the operator introduced by Turski (i.e. the radially integrated Q-function) and the Pegg-Barnett phase operator. Radially integrated Wigner distributions follow the limit of the Pegg-Barnett operator. The fluctuations obtained for this distribution tend to lower values than the integrated Q-function, which is not surprising because the Q-function is broader than the Wigner function. The more natural asymptotic limit for phase fluctuations appears to be the form obtained by integrating the Wigner function, i.e. also the Pegg-Barnett one, because the commutator ofn with the phase operator does not have the problems addressed by Louissel [2] .
